Minimal generating sets and Cayley graphs of Sylow p-subgroups of finite symmetric groups by Slupik, A.J. & Sushchansky, V.I.
Jo
ur
na
l A
lg
eb
ra
 D
isc
re
te 
M
ath
.
Algebra and Discrete Mathematics RESEARCH ARTICLE
Number 4. (2009). pp. 167 – 184
c⃝ Journal “Algebra and Discrete Mathematics”
Minimal generating sets and Cayley graphs of
Sylow 푝-subgroups of finite symmetric groups
Anna J. Slupik and Vitaly I. Sushchansky
Dedicated to L.A. Kurdachenko on the occasion of his 60th birthday
Abstract. Minimal generating sets of a Sylow 푝-subgroup
푃푛 of the symmetric group 푆푝푛 are characterized. The number of
ordered minimal generating sets of 푃푛 is calculated. The notion of
the type of a generating set of 푃푛 is introduced and it is proved
that 푃푛 contains minimal generating sets of all possible type. The
isomorphism problem of Cayley graphs of 푃푛 with respect to their
minimal generating sets is discussed.
1. Introduction
For any finite 푝-group (푝 is a prime) all minimal (in the sense of an
inclusion) generating sets have the same size. If푋 is a minimal generating
set of a finite 푝-group 퐺, then for every automorphism 훼 ∈ 퐴푢푡(퐺)
image 푋훼 is also a minimal generating set of 퐺. Hence 퐴푢푡(퐺) acts
on the set Σ퐺 of all minimal generating sets of 퐺. The investigation
of orbits of 퐴푢푡(퐺) on the set Σ퐺 is interesting from the point of view
of the isomorphism problem for Cayley graphs of the group 퐺 [1, 2, 9].
Namely, if generating sets 푋, 푌 belong to the same orbit of 퐴푢푡(퐺) on
Σ퐺, then Cayley graphs 퐶푎푦(퐺,푋) and 퐶푎푦(퐺, 푌 ) are isomorphic. For
many 푝-groups 퐺 the inverse statement is also true, i.e. if 퐶푎푦(퐺,푋) is
isomorphic to 퐶푎푦(퐺, 푌 ) then 푋, 푌 belong to the same orbit of 퐴푢푡(퐺)
on Σ퐺. We call 푝-groups with such property 푀퐶퐼-groups. For 푀퐶퐼-
group 퐺 the isomorphism problem of connected Cayley graphs of minimal
branch degree is equivalent to characterization of orbits of the group
퐴푢푡(퐺) on Σ퐺. If 퐺 is not the 푀퐶퐼-group then some orbits 퐴푢푡(퐺)
2000 Mathematics Subject Classification: 20B35, 05C25, 05C12, 20F65.
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on Σ퐺 can join together into one equivalence class of the Cayley graphs
isomorphism relation. Hence, in both cases, the investigation of different
types of minimal sets of generators and the action of automorphism group
on that sets can be use to solve the isomorphism problem of Cayley graphs
in the natural way .
In this paper we investigate minimal sets of generators of the Sylow
푝-subgroup 푃푛 of symmetric group 푆푝푛 of the degree 푝
푛 (푛 ∈ ℕ), using
special polynomial representation of this group proposed by L. Kalouj-
nine in [4, 5]. The outline of this paper is as follows. In the section 2
we remind basic definitions and facts about Sylow 푝-subgroups 푃푛 and
characterize some calculation techniques connected with th polynomial
representation of those groups. In the section 3 the theo em about the
number of minimal ordered generating sets of 푃푛 is proved and the char-
acterization of all those sets for 푛 = 2 is presented. In the section 4 we
focus on investigation of triangular and diagonal generating sets. We give
a short description of the decomposition algorithm for elements from 푃푛
into the product of generators from a diagonal generating set. In the sec-
tion 5 we introduce the notion of the type of generating set and we give
a complete description of the set of types for all minimal generating sets
of 푃푛. In the section 6 we discuse sufficient condition for the group 푃푛
to be a 푀퐶퐼-group and we construct examples of generating sets with
isomorphic or non-isomorphic Cayley graphs.
2. Preliminaries
Let 푆푚 be the symmetric group of the degree푚 and푚 = 푎0+푎1푝+푎2푝
2+
...+ 푎푘푝
푘, where 푝 is a prime. By 푃푛 we denote the Sylow 푝-subgroup of
the symmetric group 푆푝푛 (푛 = 1, 2, . . .). Then a Sylow 푝-subgroup of 푆푚
is isomorphic (see [3]) to the direct product
푃 푎11 × 푃
푎2
2 × . . .× 푃
푎푘
푘 .
So the investigation of the structure of Sylow 푝-subgroups of the sym-
metric group 푆푚 can be reduced to analysis of Sylow 푝-subgroups of the
symmetric group 푆푝푛 (푛 = 1, 2, . . . , 푘). It is easy to verify that the order
of the group 푃푛 is equal to:
∣푃푛∣ = 푝
1+푝+푝2+...+푝푛−1 .
It is well known that 푃푛 is isomorphic to the wreath product of 푛 regular
cyclic groups of order 푝 (see, for example [3]):
푃푛 ∼= 퐶푝 ≀ 퐶푝 ≀ ⋅ ⋅ ⋅ ≀ 퐶푝︸ ︷︷ ︸
푛
.
Jo
ur
na
l A
lg
eb
ra
 D
isc
re
te 
M
ath
.A. J. Slupik, V. I. Sushchansky 169
For our considerations we can use very convenient presentation of 푃푛
introduced by L. Kaloujnine (see [4],[5]).
Let ℤ푝 be the field of residues modulo 푝. Every function 푓 of 푛 vari-
ables over ℤ푝 can be represented by a polynomial of 푛 variables over
ℤ푝. Let 퐼 be an ideal of the ring ℤ푝[푥1, . . . , 푥푚] generated by polyno-
mials 푥푝1 − 푥1, . . . , 푥
푝
푚 − 푥푚. Polynomials 푔, ℎ ∈ ℤ푝[푥1, . . . , 푥푚] define
the same function if and only if 푔 ≡ ℎ (mod 퐼). Any residue class of
ℤ푝[푥1, . . . , 푥푚]/퐼 contains an unique polynomial such that degrees of all
its variables 푥1, . . . , 푥푚 are equal at most 푝−1. This polynomial is called
a reduced polynomial modulo ideal 퐼.
The sequence of the type:
푢 = [푓1, 푓2(푥1), 푓3(푥1, 푥2), . . . , 푓푛(푥1, . . . , 푥푛−1)] (1)
where 푓1 ∈ ℤ푝 and 푓푖 is a reduced polynomial for 푖 = 2, 3, ..., 푛 is called
a tableau of the length 푛 over ℤ푝 (see, [5]).
Every tableau of the form (1) acts on the set ℤ푛푝 in the following way:
(푥1, 푥2, . . . , 푥푛)
푢 = (푥1 + 푓1, 푥2 + 푓2(푥1), . . . , 푥푛 + 푓푛(푥1, . . . , 푥푛−1)) (2)
for any (푥1, 푥2, . . . , 푥푛) ∈ ℤ
푛
푝 .
Lemma 1. For any tableau 푢 the action (2) defines some permutation
on ℤ푛푝 .
Proof. Simply checking.
The set of all tableaux forms a group according to the following operation:
If
푢 = [푓1, 푓2(푥1), . . . , 푓푛(푥1, . . . , 푥푛−1)]
and
푣 = [푔1, 푔2(푥1), . . . , 푔푛(푥1, . . . , 푥푛−1)]
then:
푢푣 = [푓1 + 푔1, 푓2(푥1) + 푔2(푥1 + 푓1), . . . ,
푓푛(푥1, . . . , 푥푛−1) + 푔푛(푥1 + 푓1, . . . , 푥푛−1 + 푓푛−1(푥1, . . . , 푥푛−2))] .
(3)
The tableau 푒 = [0, . . . , 0] is the neutral element for this operation. The
inverse element for 푢 is equal:
푢−1 = [−푓1,−푓2(푥1 − 푓1),−푓3(푥1 − 푓1, 푥2 − 푓2(푥1 − 푓1)), . . .
. . . ,−푓푛(푥1 − 푓1, . . . , 푥푛−1 − 푓푛−1(...))] .
(4)
The order of this group is equal to 푝1+푝+푝
2+...+푝푛−1 and hence it
is isomorphic to Sylow 푝-subgroup of symmetric group 푆푝푛 . Thus every
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element of the Sylow 푝-subgroup 푃푛 may be represented by a tableau (1).
We call this representation as a polynomial or Kaloujnine representation
of 푃푛.
It is convenient to use the following notation. The sequence of vari-
ables 푥1, 푥2, . . . , 푥푖 we denote by 푋푖. Let us take any tableau
푢 = [푓1, 푓2(푋1), . . . , 푓푛(푋푛−1)] .
By the symbol 푢(푖) we denote the beginnig of the tableau 푢 of the length
푖. For any reduced polynomial 푔(푋푖) we denote by 푔(푋
푢
푖 ) = 푔(푋
푢(푖)
푖 ) the
following polynomial
푔(푥1 + 푓1, 푥2 + 푓2(푋1), . . . , 푥푖 + 푓푖(푋푖−1)) .
According to our notation, the product of tableaux 푢(푖) = [푢(푖−1), 푎(푋푖)]
and 푣(푖) = [푣(푖−1), 푏(푋푖)] has the form
[푢(푖−1)푣(푖−1), 푎(푋푖−1) + 푏(푋
푢(푖−1)
푖−1 )] .
Let us denote by [푢]푖 the 푖-th coordinate of the tableau 푢. The tableau 푢
has the depth 푘 if [푢]1 = . . . = [푢]푘 = 0 and [푢]푘+1 ∕= 0.
Technique of calculations using the Kaloujnine representation is based
on the following simple facts:
Fact 1. We have the following equalities:
1. [(푢, 푣)]푖 = [ 푢푣푢
−1푣−1]푖 =
= 푎(푋푖−1)− 푎(푋
푢(푖−1)푣(푖−1)
푖−1 ) + 푏(푋
푢(푖−1)
푖−1 )− 푏(푋
푢(푖−1)푣(푖−1)푢
−1
(푖−1)
푖−1 ) ,
2. [푢푣푢−1]푖+1 = 푎(푋
푣(푖)
푖 ) + 푏(푋푖)− 푎(푋
푢(푖)푣(푖)푢
−1
(푖)
푖 ) ,
3. [푢푘]푖 =
푘−1∑
푗=0
푎(푋
푢
푗
(푖−1)
푖−1 ) .
For every polynomial of 푘-variables we can define the height of a
polynomial.
Definition 1. The height of the nonzero monomial 푥훼11 푥
훼2
2 ⋅ ... ⋅ 푥
훼푘
푘 is
called the number:
ℎ(푥훼11 푥
훼2
2 ⋅ ... ⋅ 푥
훼푘
푘 ) = 1 + 훼1 + 훼2푝+ ...+ 훼푘푝
푘−1.
We assume that ℎ(0) = 0. The height of the reduced polynomial 푓 of 푘
variables is equal to the maximum height of its monomials.
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Fact 2. 1. For any reduced polynomial 푓(푋푘) and a tableau 푢 ∈ 푃푛 the
following equality holds
ℎ(푓(푋푢푘 )) = ℎ(푓(푋푘)) .
2. For any reduced polynomial 푓(푋푘) and a tableau 푢 ∈ 푃푛 the following
inequality holds
ℎ(푓(푋푘)− 푓(푋
푢
푘 )) ≤ max{ℎ(푓(푋푘))− 1, 0} .
3. For any reduced polynomial 푓(푋푘) there exists a tableau 푢 ∈ 푃푛 such
that
ℎ(푓(푋푘)− 푓(푋
푢
푘 )) = max{ℎ(푓(푋푘))− 1, 0} .
4. For any reduced polynomial 푓(푋푘) and a tableau 푢 ∈ 푃푛 of depth 푠 ≤ 푘
the following inequality holds
ℎ(푓(푋푘)− 푓(푋
푢
푘 )) ≤ 푝
푘 − 푝푠 .
5. For every tableau 푢 ∈ 푃푛 of depth 푠 ≤ 푘 there exists a reduced polyno-
mial 푓(푋푘) such that
ℎ(푓(푋푘)− 푓(푋
푢
푘 )) = 푝
푘 − 푝푠 .
6. For every tableaux 푢, 푣 ∈ 푃푛 the following inequalities hold:
ℎ([푣푢]푘) ≤ max{ℎ([푣]푘), ℎ([푢]푘)− 1} ,
ℎ([(푢, 푣)]푘) ≤ max{ℎ([푢]푘)− 1, ℎ([푣]푘)− 1, 0} .
Moreover, for every tableau 푢 ∈ 푃푛 and 푘 ≥ 1 there exists a tableau
푣 ∈ 푃푛 such that
ℎ([(푢, 푣)]푘) ≤ max{ℎ([푢]푘)− 1, 0} .
By 푝푐(푓(푥1, ..., 푥푘)) we denote the coefficient of the monomial of 푓
which has the maximal height.
Lemma 2. The commutator subgroup of 푃푛 is equal to:
푃 ′푛 = {[0, 푓2(푋1), 푓3(푋2), ..., 푓푛(푋푛−1)]; ℎ(푓푖) < 푝
푖−1, 푖 = 2, ..., 푛} .
The quotient group 푃푛/푃
′
푛 is elementary abelian group of the order 푝
푛.
Proof. See [5].
Jo
ur
na
l A
lg
eb
ra
 D
isc
re
te 
M
ath
.172 Minimal generating sets and Cayley graphs
3. Bases of Sylow 푝-subgroups of symmetric groups
An element 푔 ∈ 퐺 is called a non-generating element of 퐺 if it can be
deleted from any generating set of 퐺. All non-generating elements of 퐺
form a subgroup which is called the Frattini subgroup of the group 퐺
and denoted by Φ(퐺). The subgroup Φ(퐺) may be defined also as the
intersection of all maximal subgroups of 퐺. If 퐺 is a finite 푝-group then
Φ(퐺) is the intersection of all subgroups of the index 푝. As usual, by 퐺푛
we denote the group generated by all powers 푔푛, 푔 ∈ 퐺. The following
statement about Frattini subgroups is well known (see for example [11]):
Lemma 3. If 퐺 is a finite 푝-group, then Φ(퐺) = 퐺′퐺푝.
So if 퐺 is a 푝-group then 퐺/Φ(퐺) is an elementary abelian 푝-group
which may be idetified with an additive group of a linear space over ℤ푝.
Lemma 4. Let 퐺 be a 푝-group and let 휑 be a natural epimorphism from 퐺
to 퐺/Φ(퐺) and 퐺/Φ(퐺) ≃ ℤ푘푝. The set {푢1, 푢2, . . . , 푢푘} of elements from
퐺 will be the minimal set of generators, if and only if 휑(푢1), 휑(푢2), . . . ,
휑(푢푘) is a basis of the linear space ℤ
푘
푝 over ℤ푝.
Hence any two minimal (according inclusions) generating sets of 퐺
has the same size. For the group 푃푛 the epimorhism 휑 is defined in the
following way. Every element of 푢 ∈ 푃푛 can be written in the form
[푎1, 푎2푥
푝−1
1 +푓2(푋1), 푎3푥
푝−1
1 푥
푝−1
2 +푓3(푋2), ..., 푎푛푥
푝−1
1 ⋅...⋅푥
푝−1
푛−1+푓푛(푋푛−1)],
where ℎ(푓푖) < 푝
푖−1 (푖 = 2, . . . , 푛). Then:
휑 (푢) = (푎1, 푎2, . . . , 푎푛) .
Now for a Sylow 푝-subgroup of a symmetric group we can formulate
such statement:
Lemma 5. For any Sylow 푝-subgroup 퐻 of symmetric group 푆푚, 푚 ≥ 2,
the Frattini subgroup Φ(퐻) is equal to 퐻 ′.
Proof. 1) Let 푚 = 푝푛, 푝 is a prime number, 푛 ≥ 1. Then 퐻 ≃ 푃푛.
Because Φ(푃푛) = 푃
′
푛 ⋅ 푃
푝
푛 it is sufficient to prove the inclusion 푃
푝
푛 ⊂
푃 ′푛. Let 푢 = [푓1, 푓2(푋1), . . . , 푓푛(푋푛−1)] ∈ 푃푛. If [푢]푘 = 푔
(1)
푘 (푋푘−1) +
푔
(2)
푘 (푋푘−1), where 푔
(1)
푘 (푋푘−1) = 푎푘푥
푝−1
1 ⋅ ⋅ ⋅푥
푝−1
푘−1, ℎ(푔
(2)
푘 ) ≤ 푝
푘−1− 1, then
according to fact 1.3 the following equalities hold:
[푢푝]푘 =
푝−1∑
푖=0
푔
(1)
푘 (푋
푢푖
(푘−1)
푘−1 ) +
푝−1∑
푖=0
푔
(2)
푘 (푋
푢푖
(푘−1)
푘−1 ) .
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Because
ℎ
(
푝−1∑
푖=0
푔
(1)
푘 (푋
푢푖
(푘−1)
푘−1 )
)
< 푝푘−1
we have
ℎ([푢푝]푘) ≤ 푝
푘−1 − 1
for all 푘 = 1, 2, . . . , 푛. Hence, by lemma 2, 푢푝 ∈ 푃 ′푛 and this case is
proved.
2) Let 푚 is a positive integer and 푚 = 푎0 + 푎1푝+ . . .+ 푎푛푝
푛. Then
퐻 ≃ 푃 푎11 × . . .× 푃
푎푛
푛 .
Hence
퐻 ′ ≃ (푃 ′1)
푎1 × . . .× (푃 ′푛)
푎푛 and 퐻푝 ≃ (푃 푝1 )
푎1 × . . .× (푃 푝푛)
푎푛 .
Using the first part of the proof we obtain 퐻푝 ⊂ 퐻 ′ and hence 퐻 ′ ⋅퐻푝 =
퐻 ′.
Corollary 1. Any minimal generating set of Sylow 푝-subgroups of finite
symmetric group 푆푚, 푚 = 푎0 + 푎1푝+ . . .+ 푎푘푝
푘, contains
푑(푚) = 1 ⋅ 푎1 + 2 ⋅ 푎2 + . . .+ 푘 ⋅ 푎푘
generators. In particular, if 푚 = 푝푛 then 푑(푚) = 푛.
We call an ordered minimal set of generators of some finite 푝-group 퐺
a basis of this group. Let 푏(퐺) be the number of different bases of the
group 퐺.
Theorem 1. For any integer 푛 ≥ 2 and prime 푝 the following equality
holds:
푏(푃푛) = 푝
푀
푛∏
푘=1
(푝푘 − 1) ,
where 푀 = 푛
(
푝푛−1
푝−1 −
1
2(1 + 푛)
)
.
Proof. Every basis of 푃푛/푃
′
푛 can be written in the form:
푢1 ⋅ 푃
′
푛, 푢2 ⋅ 푃
′
푛, . . . , 푢푛 ⋅ 푃
′
푛
where 휑(푢1), . . . , 휑(푢푛) is a basis of the vector space ℤ
푛
푝 .
So every basis of 푃푛 has a form:
푢1푣1, 푢2푣2, . . . , 푢푛푣푛
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where 푣푖 ∈ 푃
′
푛 and [푢푖]푘 is a monomial of maximal height equal 푝
푘−1
or 0 for 푖, 푘 = 1, . . . , 푛 and the set of {휑(푢1), . . . , 휑(푢푛)} is a basis in
the vector space ℤ푛푝 . The set 푢
′
1푣
′
1, 푢
′
2푣
′
2, . . . , 푢
′
푛푣
′
푛 forms different basis
of 푃푛 if there exist 푖 such that 푢푖 ∕= 푢
′
푖 or 푣푖 ∕= 푣
′
푖. It means that there
exist 푗 such that [푢푖]푗 ∕= [푢
′
푖]푗 (or [푣푖]푗 ∕= [푣
′
푖]푗). If [푢푖]푗 ∕= [푢
′
푖]푗 then
푝푐([푢푖]푗) ∕= 푝푐([푢
′
푖]푗). So 푝푐([푢푖푣푖]푗) ∕= 푝푐([푢
′
푖푣
′
푖]푗) and we have different
basis. If [푣푖]푗 ∕= [푣
′
푖]푗 then [푢푖푣푖]푗 = [푢푖]푗 + [푣푖]푗(푋
(푢푖)(푗−1)
푗−1 ) and [푢푖푣
′
푖]푗 =
[푢푖]푗+[푣
′
푖]푗(푋
(푢푖)(푗−1)
푗−1 ) so [푢푖푣푖]푗 ∕= [푢푖푣
′
푖]푗 and we also have different basis.
So 푏(푃푛) = ∣퐺퐿푛(ℤ푝)∣∣푃
′
푛∣
푛. Beacuse
∣퐺퐿푛(ℤ푝)∣ = (푝
푛 − 1)(푝푛 − 푝) ⋅ . . . ⋅ (푝푛 − 푝푛−1) = 푝
(푛−1)푛
2
푛∏
푘=1
(푝푘 − 1)
and
∣푃 ′푛∣
푛 =
(
푝1+푝+...+푝
푛−1
푝푛
)푛
= 푝
(
푝푛−1
푝−1
−푛
)
푛
our proof is completed.
Now, we give a complete classification of 2-element generating sets of 푃2.
Let
∙ 퐴 be the family of pairs { [푓1, 푓2(푥1)] , [0, 푔(푥1)] }, such that 푓1 ∕= 0,
푓2 is an arbitrary reduced polynomial and ℎ(푔) = 푝;
∙ 퐵 be the family of pairs { [푓1, 푓2(푥1)] , [푔1, 푔2(푥1)] }, such that
푓1, 푔1 ∕= 0, ℎ(푓2) < 푝, ℎ(푔2) = 푝;
∙ 퐶 be the family of pairs { [푓1, 푎푥
푝−1 + 푓2(푥)] , [푔1, 푏푥
푝−1 + 푔2(푥)] }
such that 푓1, 푔1, 푎, 푏 ∕= 0, ℎ(푓2) < 푝, ℎ(푔2) < 푝 and 푎 ∕= 푓1푔
−1
1 푏.
Then 퐴 ∪퐵 ∪ 퐶 is the set of all minimal generating set of 푃2. It follows
from definitions of sets 퐴, 퐵 and 퐶 that their pairwise intersection is
empty and
∣퐴∣ = (푝− 1)2푝2푝−1 ,
∣퐵∣ = (푝− 1)3푝2푝−2 ,
∣퐶∣ = 12(푝− 1)
3(푝− 2)푝2푝−2 .
Hence 푏(푃2) = 2(∣퐴∣+ ∣퐵∣+ ∣퐶∣) = (푝− 1)(푝
2 − 1)푝2푝−1.
The proof, that families 퐴, 퐵 and 퐶 consists of generating sets of 푃2 is
the conclusion from lemma 4. We have to show that there is no other
pairs of generators. It is obvious that one of the generators must have an
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element not equal 0 on the first coordinate, and one of them must have a
polynomial of degree 푝− 1 on the second coordinate. There are only two
possibilities left:
1) pairs 푢 = [푓1, 푎푥
푝−1 + 푓2(푥)], 푣 = [푔1, 푏푥
푝−1 + 푔2(푥)] such that degrees
of polynomials 푓2 and 푔2 are lower then 푝− 1 and 푎 = 푓1푔
−1
1 푏;
2) pairs 푢 = [푓1, 푓2(푥)], 푣 = [0, 푔(푥)], such that 푓1 ∕= 0, 푓2 is a polynomial
of degree 푝− 1 and 푔 is a polynomial of degree lower then 푝− 1;
In both cases we can easily check that we cannot generate an element
which has 0 on the first coordinate and a polynomial of degree 푝− 1 on
the second coordinate.
4. Triangular bases of 푃푛
A sequence of tableaux of the type
푢1 = [푎
1
1, 푎
1
2(푋1), 푎
1
3(푋2), . . . , 푎
1
푛(푋푛−1)],
푢2 = [0, 푎
2
2(푋1), 푎
2
3(푋2), . . . , 푎
2
푛(푋푛−1)],
...
푢푛 = [0, 0, 0, . . . , 푎
푛
푛(푋푛−1)]
(5)
is called an upper triangular sequence and a sequence of tableaux
푣1 = [푎
1
1, 0, 0, . . . , 0],
푣2 = [푎
2
1, 푎
2
2(푋1), 0 . . . , 0],
...
푣푛 = [푎
푛
1 , 푎
푛
2 (푋1), 푎
푛
3 (푋2), . . . , 푎
푛
푛(푋푛−1)]
(6)
is called a lower triangular sequence.
Theorem 2. An upper triangular sequence (5) (resp. a lower triangular
sequence (6)) of tableaux from 푃푛 is a basis of 푃푛 if, and only if, the
following equalities hold:
ℎ(푎푖푖(푋푖−1)) = 푝
푖−1 , 푖 = 1, 2, . . . , 푛 . (7)
Proof. We verify this statement only for upper triangular sequences of
the type (5). Let the equality (7) holds. Then from lemma 4 we only
need to show that 휑(푢1), 휑(푢2), . . . , 휑(푢푛) is a basis in the vector space
ℤ
푛
푝 . According to the definition of the epimorphism 휑 : 푃푛 → ℤ
푛
푝 we have
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휑(푢1) = [푝푐(푎
1
1), 푝푐(푎
1
2), 푝푐(푎
1
3), . . . , 푝푐(푎
1
푛)],
휑(푢2) = [0, 푝푐(푎
2
2), 푝푐(푎
2
3), . . . , 푝푐(푎
2
푛)],
휑(푢3) = [0, 0, 푝푐(푎
3
3), . . . , 푝푐(푎
3
푛)],
...
휑(푢푛) = [0, 0, 0, . . . , 푝푐(푎
푛
푛)],
where 푝푐(푎푖푖) ∕= 0, because ℎ(푎
푖
푖) = 푝
푖−1. This is of course a basis of vector
space ℤ푛푝 because we have 푝푐(푎
1
1) ⋅ 푝푐(푎
2
2) ⋅ . . . ⋅ 푝푐(푎
푛
푛) ∕= 0.
In the other hand, if there exist index 푖 such that ℎ(푎푖푖(푋푖−1)) < 푝
푖−1
then 푝푐(푎푖푖) = 0 and 푝푐(푎
1
1) ⋅ 푝푐(푎
2
2) ⋅ . . . ⋅ 푝푐(푎
푛
푛) = 0. Hence 휑(푢1),
휑(푢2), . . . , 휑(푢푘) is not a basis of ℤ
푛
푝 and 푢1, 푢2, . . . , 푢푛 is not a basis of
푃푛.
For sequences of the type (6) the proof is similar.
A particular case of upper triangular sequences is diagonal sequence
of elements from 푃푛. A sequence of the type
푢1 = [푎
1
1, 0, 0, . . . , 0],
푢2 = [0, 푎
2
2(푋1), 0, . . . , 0],
...
푢푛 = [0, 0, 0, . . . , 푎
푛
푛(푋푛−1)]
(8)
where ℎ(푎푖푖(푋푖−1)) = 푝
푖−1, is called a diagonal basis of 푃푛. Let 퐷 be the
set of all diagonal bases of 푃푛. Then
∣퐷∣ = (푝− 1)푛 ⋅ 푝
푝푛−1
푝−1
−푛
.
From the point of view of the polynomial representation, diagonal
bases are very natural for construction of decomposition elements of
푃푛 into a product of generators. Namely, an arbitrary tableau 푤 =
[푓1, 푓2(푋1), 푓3(푋2), ..., 푓푛(푋푛−1)] can be decomposed into the product
푤 = 푢푛푢푛−1 ⋅ ⋅ ⋅푢1 ,
where 푢푖 = [0, . . . , 0[푤]푖, 0, . . . , 0] (1 ≤ 푖 ≤ 푛). Hence it is sufficient to
construct decompositions for “coordinate” tableaux
푢푖 = [0, . . . , 0, 푓푖(푋푖−1), 0, . . . , 0] .
Using statements from facts 1 and 2 for any height ℎ, 0 ≤ ℎ ≤ 푝푖−1 it is
possible to construct (step by step) the tableau
푣
(ℎ)
푖 = [0, . . . , 0, 푓
(ℎ)
푖 (푋푖−1), 0, . . . , 0]
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such that ℎ(푓
(ℎ)
푖 (푋푖−1)) = ℎ and 푝푐(푓
(ℎ)
푖 (푋푖−1)) = 1. In such a way we
obtain a sequence of tableaux 푣
(푝푖−1)
푖 , 푣
(푝푖−1−1)
푖 , . . . , 푣
(1)
푖 . Next, using such
tableaux we can construct the sequence of tableaux 푤
(1)
푖 , . . . , 푤
(푝푖−1)
푖 , for
which [푤
(푘)
푖 ]푖 is a monomial of the height 푘 with the coefficient 1. And
finally, using tableaux 푤
(푘)
푖 (1 ≤ 푘 ≤ 푝
푖−1) we can construct tableau 푢푖
in the unique way.
5. The action 퐴푢푡(푃푛) on minimal sets of generators
Let Σ푛 be the family of all minimal generating sets of 푃푛, i.e.
Σ푛 = {{푢1, 푢2, . . . , 푢푛} ; ⟨푢1, 푢2, . . . , 푢푛⟩ = 푃푛} .
The group 퐴푢푡(푃푛) of all automorphisms of 푃푛 acts on the set Σ푛 ac-
cording to the rule
{푢1, 푢2, . . . , 푢푛}
휎 = {푢휎1 , 푢
휎
2 , . . . , 푢
휎
푛} ,
where {푢1, 푢2, . . . , 푢푛} ∈ Σ푛 and 휎 ∈ 퐴푢푡(푃푛).
Note that, for any element 푢 ∈ 푃푛, 푢 ∕= 푒, the order ∣푢∣ belongs to the
set {푝, 푝2, . . . , 푝푛}.
Definition 2. Let 푈 = {푢1, 푢2, . . . , 푢푛} be a minimal generating set of
푃푛. The multiset {log푝 ∣푢1∣, log푝 ∣푢2∣, . . . , log푝 ∣푢푛∣} is called the type of
the set 푈 and denoted by 푡(푈). For any basis 푢1, 푢2, . . . , 푢푛 the type of
the set {푢1, 푢2, . . . , 푢푛} is called the type of this basis.
We write the type 푡(푈) as a vector (푘1, 푘2, . . . , 푘푛), 푘1 ≤ 푘2 ≤ . . . ≤ 푘푛,
where 푘푖 = log푝 ∣푢휎(푖)∣ for some permutation 휎 ∈ 푆푛.
Lemma 6. Let 푢 = [푓1, 푓2(푋1), . . . , 푓푛(푋푛−1)], where
푓푖(푋푖−1) = 푎푖푥
푝−1
1 푥
푝−1
2 ⋅ ⋅ ⋅푥
푝−1
푖−1
for 푖 = 1, . . . , 푛. Then ∣푢∣ = 푝푠, where 푠 = ∣{푖 ; 푎푖 ∕= 0}∣.
Proof. Let 푗 be the smallest index of nonzero 푎푗 in 푢. Then 푢(푗−1) = 0
and 푢(푗) = [0, 푓푗(푋푗−1)]. We have
푢푝(푗) = [0, 푝 ⋅ 푓푗(푋푗−1)] = [0, 0] ,
thus ∣푢(푗)∣ = 푝. Now, let us assume that for some 푙 the order of 푢(푙) is
equal to 푝푚 (푚 > 0). If 푓푙+1 ∕= 0, then according to the fact 1.3 we have
푢푘(푙+1) = [푢
푘
(푙),
푘−1∑
푖=0
푓푙+1(푋
푢푖
(푙)
푗−1)] .
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The smallest 푘, such that the first part 푢푘(푙) is equal zero, is 푝
푚. Then
푢푝
푚
(푙+1) = [0,
푝푚−1∑
푖=0
푓푙+1(푋
푢푖
(푙)
푗−1)] ,
but
푝푚−1∑
푖=0
푓푙+1
(
(0, 0, . . . , 0)︸ ︷︷ ︸
푗−1
푢푖
(푙)
)
= 푎푙(푝 − 1)
푚 ∕= 0 . Hence ∣푢(푙+1)∣ > 푝
푚.
Since
푢푝
푚+1
(푙+1) = [0, 푝 ⋅
푝푚−1∑
푖=0
푓푙+1(푋
푢푖
(푙)
푗−1)] = [0, 0] ,
then ∣푢(푙+1)∣ = 푝
푚+1.
Using lemma 6 we prove
Lemma 7. The group 푃푛 has minimal generating sets of types (1, 1, ..., 1)
and (푛, 푛, ..., 푛).
Proof. The basis
푢1 = [1, 0, 0, . . . , 0],
푢2 = [0, 푥
푝−1
1 , 0, . . . . , 0],
푢3 = [0, 0, 푥
푝−1
1 푥
푝−1
2 , . . . , 0],
...
푢푛 = [0, 0, 0, . . . , 푥
푝−1
1 푥
푝−1
2 ⋅ . . . ⋅ 푥
푝−1
푛−1]
of 푃푛 has the type (1, 1, . . . , 1).
For 푛 = 1 there exist bases of the second type obviously. Let 푛 = 2.
Then we take elements 푢1 = [1, 푥
푝−1
1 ] and 푢2 = [1, (푝− 1)푥
푝−1
1 ] from 푃2.
By lemma 6, ∣푢1∣ = ∣푢2∣ = 푝
2. Since
det
[
휑(푢1)
휑(푢2)
]
= det
[
1 1
1 푝− 1
]
= (푝− 2) ∕= 0 ,
then 푢1 and 푢2 form a basis of 푃2.
Now, if 푛 > 2, then we take tableaux
푢1 = [(푝− 1), 푥
푝−1
1 , 푥
푝−1
1 푥
푝−1
2 , . . . , 푥
푝−1
1 푥
푝−1
2 ⋅ 푥
푝−1
푛−1] ,
푢2 = [1, (푝− 1)푥
푝−1
1 , 푥
푝−1
1 푥
푝−1
2 , . . . , 푥
푝−1
1 푥
푝−1
2 ⋅ 푥
푝−1
푛−1] ,
...
푢푛 = [1, 푥
푝−1
1 , 푥
푝−1
1 푥
푝−1
2 , . . . , (푝− 1)푥
푝−1
1 푥
푝−1
2 ⋅ 푥
푝−1
푛−1] .
By lemma 6, ∣푢1∣ = ∣푢2∣ = . . . = ∣푢푛∣ = 푝
푛. Since
det
⎡⎢⎢⎢⎣
휑(푢1)
휑(푢2)
...
휑(푢푛)
⎤⎥⎥⎥⎦ = det
⎡⎢⎢⎢⎣
푝− 1 1 . . . 1
1 푝− 1 . . . 1
...
. . .
1 1 . . . 푝− 1
⎤⎥⎥⎥⎦ =
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= (푝− 2)푛−1(푛− 2) ∕= 0
then 푢1, 푢2, . . . , 푢푛 form a basis of 푃푛.
Let 풯 = {(푘1, 푘2, . . . , 푘푛) ; 1 ≤ 푘1 ≤ . . . ≤ 푘푛 ≤ 푛}. We introduce the
componentwise partial order ⪯ on the set 풯 , i.e. for (푘1, 푘2, . . . , 푘푛) and
(푙1, 푙2, . . . , 푙푛) from 풯 we put (푘1, 푘2, . . . , 푘푛) ⪯ (푙1, 푙2, . . . , 푙푛) if, and only
if, 푘푖 ≤ 푙푖 for 푖 = 1, 2, . . . , 푛.
A vector (1, 1, . . . , 1) is the minimal element of the partially ordered
set (푇,⪯) and a vector (푛, 푛, . . . , 푛) is the maximal element of (푇,⪯).
Theorem 3. For any vector 푡 = (푘1, 푘2, . . . , 푘푛) ∈ 풯 there exists a basis
of 푃푛 of the type 푡.
Proof. Let us take some basis 푈 = {푢1, . . . , 푢푛} of 푃푛, where
[푢푗 ]푖 = 푎
푗
푖푥
푝−1
1 푥
푝−1
2 ⋅ ⋅ ⋅푥
푝−1
푖−1 for 푖, 푗 ∈ {1, . . . , 푛}. Let us denote by 푀푈
the matrix
푀푈 =
⎡⎢⎢⎢⎣
휑(푢1)
휑(푢2)
...
휑(푢푛)
⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
푎11 푎
1
2 . . . 푎
1
푛
푎21 푎
2
2 . . . 푎
2
푛
...
. . .
푎푛1 푎
푛
2 . . . 푎
푛
푛
⎤⎥⎥⎥⎦ .
We choose coefficients of 푀푈 according to the rules:
1) For every 푗 ∈ {1, . . . , 푛} the number of nonzero coefficients 푎푗푖 of 푢푗 is
equal to 푘푗 ;
2) det푀푈 ∕= 0.
First we assume that (1, 1, . . . , 1) ⪯ 푡 ⪯ (1, 2, 3, . . . , 푛). Then we can
choose coefficients such that 푀푈 has zeroes over its diagonal:
푀푈 =
⎡⎢⎢⎢⎣
1 0 . . . 0
푎21 1 . . . 0
...
. . .
푎푛1 푎
푛
2 . . . 1
⎤⎥⎥⎥⎦ .
Coefficients under the diagonal are equal 0 or 1 according to the order of
elements. Hence det푀푈 = 1.
Now, let (1, 2, 3, . . . , 푛) ⪯ 푡 ⪯ (푛, 푛, . . . , 푛). We define coefficients of
푀푈 in the following way:
- if 푗 = 푘푗 , then 푎
푗
푖 =
{
1 , 푓표푟 1 ≤ 푖 ≤ 푗
0 , 푗 < 푖 ≤ 푛
;
- if 푗 < 푘푗 , then 푎
푗
푖 =
⎧⎨⎩
2 , 푓표푟 1 ≤ 푖 ≤ 푗
1 , 푓표푟 푗 < 푖 ≤ 푘푗
0 , 푘푗 < 푖 ≤ 푛
.
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Note that, the last row of 푀푈 always consists of 1. Now, we need to
use Gauss elimination starting from the last row. We reduce 푀푈 to the
following form: ⎡⎢⎢⎢⎣
1 0 . . . 0
1 1 . . . 0
...
. . .
1 1 . . . 1
⎤⎥⎥⎥⎦ .
So det푀푈 = 1. This ends the proof.
Corollary 2. The set of all types of bases of 푃푛 has
(2푛−1)!
푛!(푛−1)! elements.
Since for arbitrary basis 푈 and any automorphism 훼 ∈ 퐴푢푡(푃푛) the
equality
푡(푈훼) = 푡(푈)
holds, then the partition of Σ into subsets of generating sets with the
same type is coarser than the partition of Σ into orbits of the action
퐴푢푡(푃푛).
6. The isomorphism problem of Cayley graphs of 푃푛
Let us denote by 퐶푎푦(퐺,푋) the Cayley graph of group 퐺 with respect to
the set of generators 푋. We consider 퐶푎푦(퐺,푋) as an undirected graph
with the set of vertices 퐺. Every vertex 푔 ∈ 퐺 is connected with vertex
푔푥±1 for all 푥 ∈ 푋.
A Cayley graph 퐶푎푦(퐺,푋) with respect to a minimal set of generators
푋 is called a minimal Cayley graph of 퐺 [1].
Definition 3. A Caley graph 퐶푎푦(퐺,푆) is called a 퐶퐼-graph of 퐺 if,
for any Cayley graph 퐶푎푦(퐺, 푇 ), whenever 퐶푎푦(퐺,푆) ∼= 퐶푎푦(퐺, 푇 ), we
have 푆휎 = 푇 for some 휎 ∈ 퐴푢푡(퐺).
Definition 4. A 푝-group 퐺 is called 푀퐶퐼-group if all Cayley graphs with
recpect to minimal sets of generators are 퐶퐼-graphs.
One of the very interesting problems is a characterization of groups
such that all its Cayley graphs are CI-graphs. This question has been
strongly investigated. Many criterions for a Cayley graph to be a CI-
graph were obtained. One of them mentioned below is very useful for our
consideration (for details and examples see [9]):
Lemma 8. [10] Let 푝 be a prime and let 퐺 be a 푝-group. Then all Cayley
graphs of degree at most (2푝− 2) are CI-graphs.
Using this statement for the group 푃푛 we obtain the following result.
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Theorem 4. Let 푛 ba a positive integer 푛 ≥ 2, 푝 be a prime 푝 ≥ 3. If
푛+ 1 ≤ 푝 then 푃푛 is a 푀퐶퐼-group.
Proof. It follows from corollary 1 that every minimal (according to in-
clusion) generating set of 푃푛 has the size 푛. Since 푝 ≥ 3, then for any
generator 푢 we have 푢 ∕= 푢−1. Hence degrees of all vertices of the Cayley
graph 퐶푎푦(푃푛, 푈) are equal to 2푛 for any minimal generating set 푈 . If
푛 + 1 ≤ 푝, then 2푛 ≤ 2푝 − 2 and by lemma 8 the graph 퐶푎푦(푃푛, 푈) is
the CI-graph. Since 푈 is an arbitrary minimal generating set, then the
group 푃푛 is a 푀푆퐼-group.
Due to this theorem, under the assumption 푛 + 1 ≤ 푝, the isomor-
phism problem for minimal Cayley graphs of 푃푛 can be reduced to the
characterization of orbits of the action of the group 퐴푢푡(푃푛) on the set
Σ푛. The automorphism group 퐴푢푡(푃푛) is well known (see [7], [8], [2]).
퐴푢푡(푃푛) contains two natural subgroups: the subgroup of inner automor-
phisms 퐼푛푛(푃푛) and the subgroup 퐴(푃푛) consists of automorphisms of
the type
[푎1, 푎2(푥1), . . . , 푎푛(푥1, 푥2, . . . 푥푛−1)] 7→
[훼1푎1, 훼2푎2(푥1훼
−1
1 ), . . . , 훼푛푎푛(푥1훼
−1
1 , 푥2훼
−1
2 , . . . , 푥푛−1훼
−1
푛−1)] ,
where [푎1, 푎2(푋1), . . . , 푎푛(푋푛−1)] ∈ 푃푛, 훼푖 ∈ ℤ
∗
푝 (1 ≤ 푖 ≤ 푛). It is easy
to verify that the group 퐴푢푡0(푃푛) = ⟨퐼푛푛(푃푛), 퐴(푃푛)⟩ is decomposed
into the semidirect product 퐴(푃푛) ⋌ 퐼푛푛(푃푛). For 푛 = 2 the equality
퐴푢푡0(푃푛) = 퐴푢푡(푃푛) holds, and for 푛 > 2 we have inequality 퐴푢푡0(푃푛) <
퐴푢푡(푃푛).
Using the polynomial techniques described in the section 2 and a
characterization of some automorphisms of 푃푛, we can formulate various
necessary or sufficient conditions for an isomorphism of minimal Cayley
graphs. We will present the following examples.
1. Let us consider the following class 풰 of bases of 푃푛:
푢1(푎1) = [푎1, 0, 0, . . . , 0],
푢2(푎2) = [0, 푎2푥
푝−1
1 , 0, . . . , 0],
푢3(푎3) = [0, 0, 푎3푥
푝−1
1 푥
푝−1
2 , . . . , 0],
...
푢푛(푎푛) = [0, 0, 0, . . . , 푎푛푥
푝−1
1 푥
푝−1
2 ⋅ ⋅ ⋅푥
푝−1
푛−1],
where 푎푖 ∈ ℤ
∗
푝 for 푖 = 1, 2, . . . , 푛.
Then, for any 푈, 푉 ∈ 풰 Cayley graphs 퐶푎푦(푃푛, 푈) and 퐶푎푦(푃푛, 푉 )
are isomorphic, because there exists an automorphism 휑 from the sub-
group 퐴(푃푛), which maps any basis {푢1(푎1), 푢2(푎2), . . . , 푢푛(푎푛)} onto
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{푢1(1), 푢2(1), . . . , 푢푛(1)}. The coefficients of 휑 are the following:
훼1 = 푎
−1
1 , 훼2 = 푎
−1
2 , . . . , 훼푛 = 푎
−1
푛 . □
2. Let us take an arbitrary basis 푈
푢1 = [푎
(1)
1 , 푎
(1)
2 (푋1), . . . , 푎
(1)
푛 (푋푛−1)],
푢2 = [푎
(2)
1 , 푎
(2)
2 (푋1), . . . , 푎
(2)
푛 (푋푛−1)],
...
푢푛 = [푎
(푛)
1 , 푎
(푛)
2 (푋1), . . . , 푎
(푛)
푛 (푋푛−1)]
,
where ℎ(푎
(푘)
푖 ) = 푝
푘−1 (푖, 푘 = 1, 2, . . . , 푛). If 푈ˆ is the orbit of 푈 under
the action 퐴푢푡(푃푛) on Σ푛, then ∣푈ˆ ∣ ≥ 푝
푛−1. It follows from the facts
described below.
Let us take the subset 퐵 = {[푏1, 푏2, . . . , 푏푛−1, 0] ; 푏푖 ∈ ℤ
∗
푝} of 푃푛. Every
푏 ∈ 퐵 defines an inner automorphism 휑푏 of 푃푛 which acts as follows:
For any 푔 = [푔1, 푔2(푋1), . . . , 푔푛(푋푛−1)] ∈ 푃푛 we have
휑푏(푔) = 푏
−1푔푏 = [푔1, 푔2(푥1 − 푏1), . . . , 푔푛(푥1 − 푏1, . . . , 푥푛−1 − 푏푛−1)] .
It is obvious that if 푏 ∕= 푏′ (푏, 푏′ ∈ 퐵) and there exists 푖 such that [푔]푖 is
not a constant polynomial, then [휑푏(푔)]푖 ∕= [휑푏′(푔)]푖. Since for the basis
푈 of 푃푛 (푛 > 1) there exists 푖 such that ℎ([푢푖]푛) = 푝
푛−1, then we have
∣푈ˆ ∣ ≥ ∣{휑푏(푈) ; 푏 ∈ 퐵}∣ = 푝
푛−1.
3. In general, the equality of types of two bases 푈 and 푉 does not
follow the existence of isomorphism between Cayley graphs 퐶푎푦(푃푛, 푈)
and 퐶푎푦(푃푛, 푉 ). Let us consider the following two bases of 푃2 (푝 ∕= 2):
푈 : 푉 :
푢1 = [1, 0], 푣1 = [1, 0],
푢2 = [0, 푥
푝−1
1 ], 푣2 = [0, 1− 푥
푝−1
1 ] .
We have 푡(푈) = 푡(푉 ) = (1, 1). We will show that there is no possibility to
find automorphism 휎 ∈ 퐴푢푡0(푃2) such that 휎(푢푖) = 푣푖 for 푖 = 1, 2. Note
that, any inner automorphisms do not change the first coordinate of any
tableau and cannot change the coefficient of the monomial of maximal
height on the second coordinate of this tableau. Let us take an arbitrary
automorphism 휑 ∈ 퐴. Since 휑(푢1) = 푣1 = 푢1, then 훼1 = 1. This
automorphism should also change the coefficient of monomial of maximal
height so 훼2 = 푝−1. Then 휑(푢2) = [0,−푥
푝−1
1 ]. Now we consider an inner
automorphism 휓푎, where 푎 = [푎1, 푎2(푥1)]. Then 휓푎(푢1) = 푎
−1 ⋅ 푢1 ⋅ 푎 =
[1,−푎2(푥1−푎1)+푎2(푥1−푎1+1)]. So 푎2(푥) = 푐 from some 푐 ∈ ℤ푝 because
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second coordinate must be equal 0. Then 휓푎(휑(푢2)) = 푎
−1[0,−푥푝−11 ]푎 =
[0,−(푥1−푎)
푝−1]. The function −(푥1−푎)
푝−1 is equal 0 for 푥1 = 푎 and 1 for
the other 푥1, so it cannot be equal to the function 1− 푥
푝−1
1 . Hence there
is no possibility to have automorphism 휎 = 휑휓 such that 휎(푢2) = 푣2.
Because 푝 ∕= 2 the group 푃2 is a 푀푃퐼-group. It follows that 퐶푎푦(푃2, 푈)
and 퐶푎푦(푃2, 푉 ) are not isomorphic.
4. Finally, we present the example of two bases 푈 and 푉 of 푃3:
푢1 = [1, 푥
2
1, 푥
2
1푥
2
2] 푣1 = [2, 푥
2
1, 푥
2
1푥
2
2]
U: 푢2 = [1, 2푥
2
1, 푥
2
1푥
2
2] V: 푣2 = [1, 2푥
2
1, 푥
2
1푥
2
2]
푢3 = [1, 푥
2
1, 2푥
2
1푥
2
2] 푣3 = [1, 푥
2
1, 2푥
2
1푥
2
2]
such that both of them have the type equals (3, 3, 3) and Cayley graphs
퐶푎푦(푃3, 푈) and 퐶푎푦(푃3, 푉 ) are not isomorphic. Those graphs are not
isomorphic because their diameters (i.e. the longest distance between
vertices of a graph in the standard graph metric) are equal to 12 and
11 respectively. Such diameters were obtained by computer calculations.
Note that, in this example the inequality 푛+ 1 ≤ 푝 does not hold.
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